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Abstract 

This paper studies the twisted representations of vertex operator algebras. Let V 
be a vertex operator algebra and g an automorphism of V of finite order T. For any 
m,n € an Ag :n (y)-Ag :m (V)-bimodule Ag^ m (V) is constructed. The collec- 

tion of these bimodules determines any admissible g-twisted F-module completely. 
A Verma type admissible ^-twisted ^-module is constructed naturally from any 
qq ' Ag im (V )-module. Furthermore, it is shown with the help of bimodule theory that a 

I/"") ■ simple vertex operator algebra V is ^-rational if and only if its twisted associative 

algebra A g (V) is semisimple and each irreducible admissible g- twisted V-module is 



Q ' ordinary. 
O 

Jl 1 Introduction 

^— > 
a 

This paper deals with twisted representations of vertex operator algebras using the ideas 
of bimodules developed in |DJlj - |DJ3] . The main result is a characterization of twisted 
rationality in terms of semisimplicity of cerain associative algebra defined and studied in 
|IM| . 

Twisted representations which are also called twisted sectors or twisted modules are 
the main ing redients in orbifold conformal field theory (see jDHV Wlj - jDHV W2j . [L"l"]-jL2]. 
|FLM1| - [FTM2"] . |DVVVj . |DM] . jDLMOj . jHMT] . |DLM2j . jDLM4j . jDLM5j . jPY] and 



X 



|MTj ). The twisted sectors play a fundamental role in the construction of the moonshine 
vertex operator algebra |FLM2j and other orbifold vertex operator algebras [DGM . 
Although there is a lot of progress in the study of twisted sectors and orbifold confor- 
mal field theory, the semisimplicity of various twisted module categories has not been 
understood fully. 

Let V be a vertex operator algebra and g an automorphism of finite order T. There are 
three different notions of g-twisted modules. That is, weak g-twisted modules, admissible 
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g-twisted modules and ordinary g- twisted modules (see |FFRj . |D] . |DLM2j ). An ordinary 



g-twisted ^-module is admissible and an admissible g-twisted V^-module is a weak g- 
twisted ^/-module. They differ by some grading assumptions. The main axiom in these 
modules is the twisted Jacobi identity which was motivated by the twisted vertex operator 
operators studied in jLTJ-jOj and |KbM1 j - [FTM2] . 

We call a vertex operator algebra V g-rational if the admissible g-twisted ^-module 
category is semisimple. It is proved in |DLM2j that if V is g-rational then there are only 
finitely many irreducible admissible g-twisted ^-modules up to isomorphism and each 
irreducible admissible g-twisted U-module is ordinary. So the concept of g-rationality 
is an analogue of semisimplicity of associative algebras. In fact, the g-rationality will 
be understood in terms of semisimplicity of an associative algebra A g (V) investigated in 
jDLM2j . 

Stimulated by the A(V)-theory developed in [Z], an associative algebra A g {V) is de- 
fined and studied in |DLM2j . In order to state the connection between the twisted rep- 
resentation theory of V and the representation theory of A g (V) let M = © ng j_ z+ M(n) 
be an admissible g-twisted V^-module with M(0) 7^ 0. Then M(0) is an A g (V)-module. 
Moreover, the map M — > M(0) gives a one to one correspondence between the irreducible 
admissible g-twisted V^-modules and simple A 9 (V)-modules. These results reduce the 
classification of irreducible admissible g-twisted U-modules to the classification of simple 
A g (V )-modu\es. So the classification of irreducible admissible g-twisted ^-modules is 
settled down at least theoretically. 

The main purpose of this paper is to establish a relationship between the g-rationality 
of V and the semisimplicity of A g (V). It has already been proved in |DLM2j that the 
g-rationality of V implies the semisimplicity of A g (V). We prove in this paper that V is 
g-rational if and only if A g (V) is semisimple and each irreducible admissible g-twisted 
^-module is ordinary. Note that the g-rationality is an external condition on V. The new 
result essentially gives an internal characterization of g-rationality as A g (V) is a quotient 
of V |DLM2j . In the case that g = 1 this result has been obtained in [t)J3j. 

The main idea comes from |DJlj - [DJ3j . The associative algebra A g (V) was generalized 
to associative algebras A 9)n (y) for any n £ ~Z + so that A g Q (V) = A g (V) |DLM4j . For an 
admissible g-twisted V^-module M = © nG j_ z+ M(n) with M(0) 7^ 0, M{m) is a module 
for A g ^ n {V) for m < n. So A g ^ n (V) gives more information on M than A g (V). Most 
importantly, V is g-rational if and only if A g)n {V) is semisimple for all n £ ^Z + . Our 
approach is to prove that if A g (V) is semisimple then A gtn {V) is semisimple for all n. 

We first construct A 9in (K)-A 9im (V)-bimodules A gtn ^ m {y) (for n,m £ |;Z + ) which es- 
tablish a bridge between A g (V) and A gn (V). These bimodules carry the semisimplicity 
information from A g (V) to all A g!n (V). From the point of view of representation theory, 
the Ag in (V)-A g >m (y)-bimodule A g)n ^ m {V) is a universal covering of the A g tn (V)-A gim (V)- 
bimodule Home (M(m), M(n)) for any admissible g-twisted ^-module M. The importance 
of the construction of these bimodules is that it gives a concrete construction of the Verma 
type admissible g-twisted ^-module M{U) generated by an A g /m (l / )-module U such that 
M(U)(n) = Ag jn>m (y) ®A g . m (v) U f° r all n ^ Using this construction we can prove 

that there is a natural invariant pairing between M(U*) and M(U) such that the right rad- 
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ical of this pairing is exactly the maximal proper submodule of M(U) if U is irreducible. 
The M(U*) is an admissible g -1 -twisted ^-module as U* is an A 9 -i )m (V)-module instead 
of yl flim (l/)-module. So this makes the admissible (/-twisted module theory more compara- 
ble with the classical highest weight module theory for afhne Lie algebras or the Virasoro 
algebra. With the help of this construction we can also prove that if A g {V) is semisimple, 
then the Verma type admissible g-twisted ^-module M(U) generated by an irreducible 
A g {y) -module U is irreducible. This is the key step in the proof of the main theorem. 

Since the setting and most results in this paper are modelled on those in |DJlj and 
DJ3J which deals with the case g = 1, we omit a lot of details in this paper and refer the 
reader to fTTTTj and [TTTHj . 



2 The associative algebra A g ^ n {V) 

Let (V, Y,1,uj) denote, as usual, a vertex operator algebra as defined in [FLM2] (see also 
[B] ) and g be an automorphism of V of finite order T. Decompose V into a direct sum of 
eigenspaces of g 

V= V r (2.1) 

rSZ/TZ 

where V r = {v G V\gv = e~ 2mr ^ T v}. We first review the weak, admissible and ordinary 
^-twisted modules from jDLM2j (see also |FLM2j . |FFR] and jDj). 

Definition 2.1. A weak g-twisted V -module M is a vector space equipped with a linear 
map 

Y M (-,z) : V — > (End M){z} 

v ^ Y M (v, z) = v n z~ n ~ x (v n G End M) 

which satisfies the following conditions for all < r < T — 1, u G V r , v G V, w G M, 



Y M (u,z)= Y 



Xlrt.Z 



U[W = for I » 
Y M (l,z) = id M ] 

— -J Ym(u,Zi)Y m (v,zz) - Zq X 8 f - j Y M (v,z 2 )Y M (u,z 1 ) 

= ^ {^^y^ ( £L ^) Y M (Y(u,z )v,z 2 ). 

As mentioned in [DXM2~] (see also |FLM2j ). the twisted Jacobi identity is equivalent 
to the associativity formula 

(z + z 2 ) k+ $Y M (u, z + z 2 )Y M (v, z 2 )w = (z 2 + z ) k+ ^Y M {Y(u, zq)v, z 2 )w (2.2) 
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where w G M and A; is a nonnegative integer such that z k+ rYM(u, z)w involves only 
nonnegative integral powers of z, and the commutator formula 

\Y M (u,Zi),Y M (v, z 2 )] 
= Res Zo z^ (^f^) S (^^) Y ^ Y ^ ( 2 - 3 ) 

Definition 2.2. An ordinary g-twisted V -module is a weak g-twisted V^-module M which 
carries a C-grading induced by the spectrum of 1/(0). That is, 



M = 0M A 



AeC 

where Mi = {w G M\L(0)w = lw}, where L(0) is a component operator of Ym(w,z) = 
J^ ngZ L(n)z~ n ~ 2 . Moreover we require that M; is finite dimensional and for fixed Mb, +1 = 
for all small enough integers n. 

Let Z + be the set of nonnegative integers. 

Definition 2.3. An admissible g-twisted ^-module is a weak g-twisted ^-module M 
which carries a ^Z + -grading 

M= M(n) 

which satisfies the following 

v m M(n) C M(n + wtv - m - 1) 

for homogeneous v G V. 

It is easy to show that an ordinary g-twisted V^-module is admissible. If g = 1 we get 
the weak, ordinary and admissible V^-modules. 

We say that V is g-rational if every admissible g-twisted V^-module is completely 
reducible. V is called rational if V is 1-rational. It is proved in [DLM2J that if V is 
g-rational then there are only finitely many irreducible admissible g-twisted ^-modules 
up to isomorphism and each irreducible admissible module is ordinary. 

Next we present the Ag >n (V) -theory following [DLM4J. Fix n = I + 4 G with I a 
nonnegative integer and < % < T — 1. For < r < T — 1, define Si(r) = 1 if i > r and 
^i(^) = if z < r. We also set <5j(T) = 0. Let O gtn (V) be the linear span of all u o g n v 
and L(— l)u + L(0)u where for homogeneous u G V r and v G V, 

(1 + ^) wt "- 1 + ,5 i('")+^+''*/ T 

u o g>n i, = Res.F («, z2l+Si{r)+Si{T _ r)+1 ■ 

We also define a second product on V for u aV r and t> as follows: 



m=0 ^ ' 



'J _|_ ^jwtu+l 
"7 
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if r = and u * g n v = if r > 0. 

Define the linear space A g>n (V) to be the quotient V /Og )n {V). Then A gt0 (V) = A g (V) 
has been defined and studied in |DLM2j already. 

Remark 2.4. The definition of u o gn v in [DLMJ^l is not correct where it is defined as 

(1 + z \ wtu ~ 1 + s i( r )+ l + r / T 
u o 9>n v = Res z Y(u, z)v z2l+Si(r)+Si(T _ r) 

with 5i(T) = 1. But the results and proofs in IDLM^j remain valid. 

Let W be a weak g- twisted V- module and m G ^Z + . Following |DLM4j we define 

Qm(W) = {w G M^lMwtu-i+fcW = 0,for all homogeneous u EV and k > m}. 

The following theorem is obtained in [DLM4J. 

Theorem 2.5. Let V be a vertex operator algebra and g an automorphism ofV of finite 
order T. Let M = © m6 j_ z+ M(m) be an admissible g-twisted V -module. Let n G 
Then 

(1) A 9tn (y) is an associative algebra whose product is induced by * g n . 

(2) The identity map on V induces an algebra epimorphism from A g>n (V) to A g ^ n __i_{y). 

(3) Let W be a weak g-twisted V -module. Then Q n (W) is an A g>n (V) -module such 
that v + Og tn (V) acts as o{v) = v wtv -i for homogeneous v. 

(4) Each M(m) for m < n is an A g ^ n (V)-submodule of Q n (M). Furthermore, M is 
irreducible if and only if each M(n) is an irreducible A g , n (V) -module. 

(5) For any A g ^ n (V) -module U which cannot factor through A g n _±(V) there is aunique 
Verma type admissible g-twisted V -module M(U) generated by U so that M(U)(0) ^ 
and M{U){n) = U. Moreover, for any weak g-twisted V -module W and any A g>n (V)- 
module homomorphism f from U to Q n (W) there is a unique V -module homomorphism 
from M(U) to W which extends f. 

(6) V is g-rational if and only if Ag tn {V) are finite dimensional semisimple algebras 
for all n G ^Z + . 

(7) IfV is g-rational then there are only finitely many irreducible admissible g-twisted 
V -modules up to isomorphism and each irreducible admissible g-twisted V -module is or- 
dinary. 

(8) The linear map (j) from V to V defined by <j>{u) = e L<yl \— l) L ^u for u G V induces 
an anti-isomorphism from A gtn (V) to A g -i n (V). 

3 A g ^ n {V)- A g ^ m {y )-h\xnodw\e A g ^ m (V) 

Let V = (V,Y, be a vertex operator algebra, and let g be an automorphism of V 
of finite order T. This section is an extension of bimodule theory developed in |DJlj 
from the untwisted case to the twisted case. In particular we will construct an Ag >n (V)- 
A;,m(y )-bimodule A g ^ m (V). 
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For k G Z, we denote the image of k in Z/TZ by k. Without confusion, if < k < T— 1, 
we sometimes also denote k G Z/TZ by fc. Let m,p,n G (1/T)Z + . Then m = ii + (ii/T), 
P — h + fa/T), n = l 3 + {h/T) G (1/T)Z with h,h,h three nonnegative integers and 
< ii, Z2, «3 < T — 1. In the following discussion, we always denote m, n,p as above until 
further notice. 

Recall the decomposition (|2.1|) . For homogeneous u & V r , v & V , define product *g ir7liP 
on V as follows: 



u *g,m,p v 



D-d 



i A + «s - - 1 + <W + ^ 3 ( T ~r)+i 



i=0 



(1 _|_ z ^wt M -l+ii+5 4l (r)+r/T 



if i 2 — 2 3 = r and 



otherwise. 

If n = p, we denote *^ mtP by *^ m . In this case, u*g m v = if r 7^ and 



2J-i)N Res, m y(u,z)« 

i=0 ^ ' 



for r = 0. One can easily check that l* gm u = u, for w G V r . 

Hm — p, we denote *g >miP by *g tTn - In this case, u*^ m v = if ii — i 3 7^ r; if zi — z 3 
then -1 + 5 h {r) + 5 i3 (T - r) = 0. So 

« <, m . = E(-d- ( 3 + ) Res - ^ F ("- 

i=0 ^ ' 



If (7 = 1, then *g jm>p is the same as *™ defined in |DJlj . If m = p = n, *" imiP is just 
* 9; „ which has been defined in [DLM4J (see Section 2 of this paper). As in [DLM4 , we 
will denote the product by * g>n in this paper. 

Let O gnm (V) be the linear span of u v and (L(— 1) + L(0) + m — n)w, where for 
homogeneous it G V r and d£F, 

u ol m v = Res, ^ i+ , 3+Mr)+MT _ r)+1 Y(u, z)v. 

Again if m = n, u o gm v = u o g n v has been defined in Section 2 (see also |DLM4j ). So if 
m = n,0' g ^ m (V)=O g , n (V). 



Lemma 3.1. Ifi x -i 3 ^r, then V r C 0' m (V). 
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Proof: Let u G V r be homogeneous, then u o" 1 G 0« nm (V'). By the definition of 



^ /wtw - 1 + 5 h (r) + h + r/T\ 

3=0 

E/ wtu - 1 + d lx (r) -Hi + r/T\ 
I . ltt i _ Il _{ 3 _j ii ( r )_i i3 ( T _ r )_il. 

i=o 

Using relations w_ s _il = (l/s!)L(— l) s u for s > and L{— l)u = (— L(0) — m + n)w 
modulo 0' m (V), we have 

u °l m 1 

= £ / wtM _ i + 6il ( r ) + h + r/T\ { _ 1)k _ 3 



u 



3=0 

(wtu + 2h + S h (r) + 5 i3 (T - r) - j - 1 + h/T - i 3 /T\ 
1 ((r/T-(i 1 -i 3 )/T) k + a hJ (r/T)%/T-z 3 /Ty)u, 



k\ 

0<i+j<k 



where k = h + h + ^(r) + d~ i3 (T — r) and a i: j G Z. By the fact that 21 — 23 7^ r, 
we know that u o" m 1 = cu modulo 0' gnm (V) for a non-zero constant c. This shows 
ueO' m {V). ' ' □ 



Corollary 3.2. Let u G K r ,t> G V s fre homogeneous. If %\ — z 2 7^ s, i/ien w *™ mj3 f G 
0' (I'). 



Proof: If i 2 — z 3 7^ r then u*™ mp v = by definition. If i 2 — is = r then u*™ mp v G U r+S 



and ii — is ^ r + s. The corollary follows from Lemma f3.il □ 
The proof of the following lemma is fairly standard (cf. |DLM3j and [Z]). 

Lemma 3.3. For homogeneous u,v G V, and integers k > s > 0, 

(1 + /2 ) wtu ~ 1+ <M r ) +/l+r / T+s 
Res 2 zh+h+Sn{r)+Si3{T _ r)+1+k Y(u,z)v G 0' gjn>m {V). 



Lemma 3.4. For homogeneous u G V r and v G V s , if i 2 — i% = r, i\ — ii = s, and 
m + n — p > 0, then 

u*lm )P v ~ v *£ m , m+n _ p u - Res 2 (l + zr tu ^- n Y(u, z)v G 0' g ^ m {V). 
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Proof: From the assumption that 12 — is = r and i\ — 12 = s, one can easily deduce that 
— 1 + S^s) + Si 2 (T — s) = and — 1 + ^(r) + S i3 (T — r) = e, where 

1 if i x + H - %2 > T, 
e = { if 0<ii + i 3 -i2 <T, (3.1) 
-1 if i\ + i 3 - %2 < 0. 

From the definition of O r gnm (V), we have 

Y(v, z)u = (1 + z)- wtu - wto - m + n Y( u , —^—)v 

X ~\~ z 



modulo 0' gn , m (V) (cf. [Z and |1)LM2| ). Hence 



u g,m,m-\-n—p 



(-l)M . )Res 2 Y(v,z)u 



i=0 

h+h—h+s 



^ // + A , z \-wtu-l+l 3 +S n (s)+(s-i 1 +i 3 )/T 



,v 



z t2+t+l " 7 l + Z 

i=0 x / 

(mod o; niW (y)) 



8=0 



Recall the definition of u*^ mj) v : 



E(-D'( 



h + ^3 - h + £ + i 



1 

i=0 



(1 + z \ wtu - 1 +h+S tl (r)+r/T 

•Res z —-. — — — — Y(u, z)v. 

Since (23 + r — i%)jT = Si 3 (T — r), we have 

u* n m v - v *l mtm+n _ p u = Res z A l2jh+l3 _ l2+E (z)(l + z)^ 1+ ^Y(u, z)v 
modulo 0' g ^ m {V) where 

— Kt (k + h-k + e + i\ (1 + Z )h+h-h+e+i 



A h,h+i3-h+e{z) = [ ■ ) 

i=0 ^ ' ' 

-TVi) i2 f 2+i ) (1+z) 

i— n V * / 



il+«3-^2+£+i+l 



The lemma now follows from Proposition 5.1 of |D.Tlj . □ 
By Lemma EOl and the fact that l*g m u = u, we have 
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Corollary 3.5. Let u G V r be homogeneous, then 

u*g, m l-ue 0' gnm {V). 
Lemma 3.6. V*l m O' m {V) C 0' g ^ m (V), 0' g ^ m (V) *™ m V C O^JV). 



Proof: The proof is similar to that of Lemma 2.5 in l).TTI. Let u G V™ - , t> G V s , w E V q 
be homogeneous. By the definition of *^ m , we can assume that r = 0. So 



= l.(- 1 )( v < j ReS ^ ^H+I 



i=0 

(1 _|_ /22 ^wt^-l+5 il (s)+ii+s/T 



Res 



Ji+Js+M 1 0+M r -'0+ 1 ^K 2 ^)™ 



2. 



2 



i=0 V 7 ^2 

(1 + ^ 1 ) wtu +'l 

Res ^i hTi+i Y ( u ' Zl ) w 

, JE( j JE( * 

i=0 v 7 i>0 v J 7 fc=0 v 

(l +Z2 )wt«+2i!-i + wt,-l+ 5il ( S ) +S /T( Zl _ Z2 )i+fc 

•Res 22 Res 2l _ 22 2 , 1+t+2+fc+ , 3+M , )+MT _ s) ^(^(«, *i - z 2 )v, * a )w 

; JE( , JE( t 

i=o v 7 i>0 v J 7 fc=0 v 

(1 _)_ j22 ^wtM+2« 1 -j+wtD-l+5 il (s)+s/T 

• Res ^ 2t 1 2 +i+2+fc+i 3+ ^ 1 ( fl )+g i3 (r-s) y K+^> 

2 2 

Note that the weight of Uj + kV is wtw + wtt> — j — k — 1. By Lemma 13.31 we see that 

u*g,m(v o" m u>) lies in O'^JV). 

By the definition of *™ m and Corollary O [v o" m w)* n gm u G O' n>m (y), if i x - z 3 ^ 
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s + q or r 7^ 0. So we can assume that i\ — i% = s + q and r = 0. By Lemma \'S .41 we have 



u*l m (v o n g m w) - (v o n g m w)*l m u 
Res z (l + z)^ u - 1 Y(u,z)(v o" m w ) 

(I _L z )wtv-l+8 il (s)+h+s/T 
Z 2 

/wtl/ — 1\ (1 + /22 )wtM-j+wto-2+(5i 1 (s)+« 1 +s/T 



( J Res Z2 Res 

.i^n \ 3 J 



(Zi - Za) 3 ^^^, - Z 2 )u, Z 2 )w 



j>0 v J 7 2 2 



= 2^ I ? J Res ^ z 1+ , 3+M s) +M t-s )+ i F M> z > G O ftB , m (V) 

i>o V J 7 ^2 

This proves that (v o" m w)*" m w G 0^ n/m (^). 

Finally we deal with (L(-l)u + (1,(0) + m - n)u) *™ m v and v*" m (L(-l)u + (1,(0) + 
m — n)u). As before we assume that u G V r ,v G V s are homogeneous, ii — i 3 = r and 
s = 0. Then -1 + 5 h (r) + 5 h (T - r) = 0. So 



(L(-l)«+(L(0)+m-n)«)*^ 

//„ _|_ A (14. ^wto+Ji+^W+r/? 1 

Eur 7>. ( ni(-Dv). 

t=0 ^ 7 

+( wtw + m _ n )^(_i)W 3 ^ j ReS2 L^J — __ y («,*)« 



i=0 

fx 



X>1) 1 ( /3 + *) (-/ 3 - ^(r) - (r + i 3 - k)/T) 

i=0 ^ 7 



(]_ _|_ (r)+r/T 

Res, Y(u, z)v 

+ EM)* { t ) ft + * + W + ' „ +M n«, »)« 

i=0 ^ 7 

= (-D"('i + '3 + 1) ('' + ''J Res.iilL— y („, 2) „. 

Since (^(r) + #i 3 (T — r) + 1 = 2, it follows that the last expression is in 0^ nm (V). Thus 
(L(— l)w + (L(0) + m — n)u)*g m v belongs to O' (V). We now turn to v*g m (L(—l) + 
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L(0) + m — n)u. By Lemma f3 .41 we have 

v*l m (L(-l)u + (L(0) +m- n)u) - (L(-l)u + (L(0) +m- n)u)*£ m u 

= Res z (l + zy tv - l Y{y, z)(L(-l)u + (L(0) + m - n)u) 

E/wtu — 1\ , . v-^/wtu — 1\ 

I . I v iL{— l)u + (wtu + m — n) >^ I . )' 

i>0 ^ % ' i>0 ^ % ' 

\iVi- X u 



ViU 



t / - n \ -*» A wtu - 1\ \ - / wtu - 1\ 

= l(-dE( , J*«+E( , J 

«>o v 7 «>o v 7 

/ \ \ ^ f wtu — 1\ 

+ (wtw + m — n) I . jUjU 

i>o ^ 2 7 
r/ ^v^/^wtu — 1\ v^/wtu — IV. „. 

j>0 ^ 7 j>0 ^ 7 

+ (wtu + m — n) ( . J UjU 

i>o ^ 1 7 

= ( . J (L(— 1) + wtu — i — 1 + wtu + m — n)viU 
i>0 ^ * 7 

— ( t '. j l)ujU + L(0)uj-u + (m — n)uju) 

which is in 0' gnm (V). So u*™ m (L(— l)u + (L(0) + m — n)u) G 0^ n)m (V), as desired. □ 

Lemma 3.7. We have (a*™ m b) * n g m c - a* n g m (b *™ m c) G 0^ n m (V) /or homogeneous 
a, 5, c G V. 

Proof: Let a G V r ,b <E V s , c G be homogeneous. By the definition of *^ m)P and 
Lemma EH (a*£, m &) *g, m c, a*£ m (6 *£ m c) G 0^ njm (V), if r ^ or ii — i 3 ^ s or / ^ 0. 
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So we can assume that r = I = and i\ — %■>, = s. So 



(a*l m b) *g, m c 
k=0 ^ ' i=0 



h + i 
i 



E 

i>o 



wta + 1\ 
3 



■Res 



(1 + z ^ wta + wtb ~ 1 + 2l i-j+ i + s *i( s )+ s / T 



h 

E(-d 

fc=0 



k 



z h+k+l 
h 

E(-d 

i=0 



y(a j _i 1 _ i _i6, z)c 



Res^Res^.^Zi - ^ 2 ) 1 



ft— *— l 



(1 _)_ Zi) wta+ll (l + /22 ) wtb - 1 +'i+''+' 5 n( s )+ s /' r 



2. 



«3 + fc+l 



fc=0 



E(-D'(' 3 r)E(-i) 



8=0 



E 



Y(Y(a, zi - z 2 )b, z 2 )c 

k-i- r 

3 



(1 + ^)wta + h (1 + ^ ) wt6-l + / 1+ ^ 1 (s) +S /T ( _^ )i 

•Res Zl Res, 2 ^ +fc+1 Y{a, Zl )Y{b, z 2 )c 



z 



-h-^tt k )h 

k=0 ^ ' i=0 



2 ? 

Zi + i 



E 



-h-i-1 
3 



H _|_ 7 ^wta+ii/l i ~ Wtb-l+/i+i+5i 1 (s)+s/T j 

■Res^Res,,^^ ; 1 ^(6,^)^(0,^)0 



(_ Z2 )«l+i+l+i^3+fc+l 



fc=0 

(3— « 

Ec- 1 ) 1 ' 



/. I h + k 

k 



E<-u' 



i=0 



h+i 

i 



■Res 21 Res 22 



E 

q=0 



J+i 



q/ z 



1 "1 



(1 _)_ ^ 1 ) wta+il (l 4- /22 ) wt6 ~ 1 +' 1 + < M s )+ s / T 



E(a,^)y(6,z 2 )c. 



Ji+l Ja+fc+l 

The lemma then follows from Proposition 5.2 in [DJlJ. 

Let 0'^ m {V) be the linear span of u *™ mj , 3 ((a *£f pi)P2 6)*gf TriiP1 c - a*^ mjP2 (b*^ m>pi c 
for all a,b,c,uE V and all Pi,p 2 ,P3 £ Set 

0'" (V) = V (V * n O' (V)) * n V, 

J,n,m\' / / ., V" g,pi,p2 g,P2,pi\ 11 g,rn,pi r > 



and 



o fl>n , m (y) = o; n>m (y) + o^jf) + o;; niW (y). 



12 



Lemma 3.8. For any m,n,p G we have 

v* n 9 , m , P o 9 , P , m (v) c o PtB , m (v), <wv) *£ TO>P K C O g , n , m (V). 

In particular, V*™ m O g ^ m (V) C O g , n , m (V) ; 9i „ >m (V) *™ m 1/ C Sin , m (y). 
Proof: Note that \* n gm u = u for any u G V. We have 

0' (V) * n 1/ C (V* n 0' (V)) * n V C 0"' (V) (3.2) 

g,n,p\ I g,rn,p ' — \ " g,p^g,n,p\" II g,m,p ' — ^g,n,m\ I V / 

and 

(« *Z M - K^CKk^c) G O^JV) (3.3) 

for a,b,c <E V and p,Pi,P2 G Thus 

V *^, P2 (O f gtP2jPl (V) *% mtPl V) C O fl , n , m (V). (3.4) 
Using Corollary 13.51 and the definition of C^'n^V) gives 

v* n g , m , P o' giPim (v) c *£ m>p o;, p>m (^)) * 9 - m v + o; n>m (^) c o,,„, m (n (3.5) 

By (|3.2jl and (|3.5jl . it is enough to prove that 

*^ P1|P2 *£ m>pi V + 0^ im (y)) C O g , n , m (V) (3.6) 

and 

((^ °'g,v^ V )) *lv,v, V + 3,n, P (^)) *g, m , P V C 9 , n , m (\/) (3.7) 

for pt,p 2 ,p G ^Z + . 

We only prove (|3.6j) . The proof of f)3.7j) is similar. By the definition of Og >n>m (V) and 
Q and (j3~4]l . we have 

V* n ((V* p O' (Vn)* p U) 

g,m,p\\ r g,Pi,P2 3,P2,PiV // S,m,pi v / 

C ^.^(V < m , P2 (O giP2>pi (V)*% m>pi V)) + O g , n , m (F) 
£ (^*^ 2 ,^) *l m ,p 2 (0' 9>P2 , pl (V)^ mm V) + O g , n , m (V) 

c o 9 , n , m (n 

It remains to prove that V r *™ mp 0^ pm (l / ) C O gi „ im (V A ). By ()3.3|) . we have 

' y *g,m,p(' U *g,m,p 3 (( fl *sfpi,p 2 ^)*g?m,pi C — a *^m,p 2 (^*sfm,pi C ) ) ) 
= ( V *g,P3,P U ^ *g,m,p 3 (( a *gj3i,p 2 ^)*(^m,pi C — a *g/m,p 2 (^*9?m,pi C )) 

= (mod O fl , n , m (y)). 

□ 

We now define 

A g>n ,m\Y) = V / Og^n^miy). 

The reason for this definition will become clear from the ^-twisted representation theory 
of V discussed later. If g = 1, the A gnm (V) = A nm (V) has been defined and studied in 

mm. 

We have the first main theorem in this paper. 

Theorem 3.9. Ag )tlim (V) is an A g ^ n (V)-A gym (V)-bimodule such that the left and right 
actions of A g , n {V) and A gi7n (V) are given by *™ and * gm - 



13 



4 Properties of A g ^ m (V) 

We will discuss some important properties of Ag !n>rn (V) in this section. As in [DJ1, we 
will interpret these properties in terms of twisted representation theory in later sections. 
In fact, the twisted representation theory is the origin of the bimodule A g>n)m (V) and its 
properties. 

First we give an isomorphism between A g) n )m (V) and A g -i trriin (V) as A gtn (V)-Ag !m (V)- 
bimodules. So we need to define actions of A s>n (V) and A g ^ m {y) on A g -i^ n (y) such 
that A g -i )m>n (V) becomes an A gn (V)-A g!m (V)-bimodu\e. Recall from [7] the linear map 
: V — > V such that <f>(v) = e L ^ l \— l) L ^v for v E V. Then from Theorem 12.51 induces 
an anti-isomorphism from A g>n (y) to A g -i n (V). 

Lemma 4.1. The A g -i )m>n (V) is an Ag !n (V)-A gtm (V) -bimodule with the left action^ r g l m 
of A gtn (V) and the right action of A 9im (V) defined by 

u^, m v = v *™ ljn <p(u), v -™ m w = <j>(w)*™i )n v 

for v e A g -x im<n (V), u e A gin (V), w e A g , m {V). 

Proof: The proof is similar to that of Lemma 3.1 of jD.Tlj . □ 

Proposition 4.2. The linear map cf) : A gtniTn (V) ~* A g -i mn (V) defined by 

<P(u) = e L ^\-l) L ^u, 

for u G A gtritm (V), is an A 9tn (V) — A gtTn (V) -bimodule isomorphism from A g ^ m (V) to 
A g -i, m ,n(y), where the actions of A 9tn (V) and A gim (V) on A g ^ m (y) are defined as in 
Theorem \3. 91 and the actions on A g -i iTriin (V) are defined as in Lemma \^l\ 

Proof: Let m = h + (h/T),p = l 2 + (i 2 /T), n = l 3 + (i 3 /T) e ±Z with l u l 2 , l 3 three 
nonnegative integers and < z 1; i 2 , i$ < T — 1. 
We first prove that 

<t>(0' g , n , m (V)) C 0' g ^ >m>n (V). (4.1) 

Recall the identities 

(-1) L (°V( M , ^)(-l) L (°) = Y((-l) L ^u, -z) 
e L ^Y(u,z)e~ L ^ = Y(e (1 ^ L(1 \l - z)- 2L ^u, — J-) 

from |KbM2j . 
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Take v = Res /^+U^w+^tT-o+i Y ( a > z ) h ^ O'^JV), where a&V r ,beV. Then 

<b(v) = Res 2 e L(1) V , ,, '- - x , . ^ ,,, 

.y (e (i+^(i)(l + ^)^(o)(_i)L(o) a; _^£_) e z-(U(_i)Z-(o) 6 

/l I r Wta+« 3 +<5 l (T-r)-r/T 

-= R P , f 1 N wta+h+h+djj (r)+S i3 (T-r)+l V 1 + Z J 

7 ^ 1 +«3+^ 1 (r)+5i 3 (T-r)+l 

■r(e^ i «a^)e L «(-l) L(0) 6 



R eSz ( _ 1 ) wta+Zi +/ 3 +<S <1 (r)+S i3 (T-r)+l ^ 

3=0 

■Y(L(l) j a,z)e L(1) {-l) m b 



™ X (X _|_ z )wta-i-l+« 3 +5 l3 (T-r)+(T-r)/T 
jT z ii+/3+5i! (r-)+5 i3 (T-r)+l 



which is clearly in 0' g . 1 mn (V) by the definition of 0^_i mn (V). For w G V", 



+ (L(0) + m - n)u) 
e L W(-l) m Res z (Y(uj, z)u + zY(u, z)u) + (m - n)e L{l \-l) m u 
e i(1) Res,(r(^, -z) + zY(uo, -z)){-l) m u + (m - n)e L(1) (-l) L(0) M 



= ResJl + ^Ffe^+^Wfl + z)- 2L ^ (-1) l ^lu, —) e L ^(-l) L Wu 

l + z 

+ (m-n)e L{1 \-l) m u 
= Res,(-(1 + zf + z(l + z))Y(e {1+zrlL{1) uj } z)e L{1 \-l) m u 

+ (m-n)e i(1) (-l) L(0) M 
= -(L(-l) + L(0))e L(1) (-l) i(0) u - (n - m)e i(1) (-l) L(0) u 

which lies in 0' g ^ m>n (V). So <P(0>^ m (V)) C 0^ lffBiB (V). 
We next prove that 

0«, m ^) = m^-\n,p^) ( 4 -2) 
modulo 0' g ^ mn (V) for w G V r ,v G V s . 

If %2 — is 7^ r, then i 3 — i 2 ^ T — r. By the definition of *g tm ^ p and Corollary \3.'2\ 
we have u*^ mp v = and (piy)*™-! np 4>{ u ) G 0;_ lmin (y), so (jOJ holds. Similarly, if 
ii - «2 7^ s, then u*" mp i; G Og nm (y) and <K^)*^i jniP <K?.0 = 0- m tnis case flO} follows 
from ()4.1|) . So we assume that z 2 — z 3 = r, ^ — i 2 = s. Then —1 + 5^ (r) + 5 i3 (T — r) = e, 
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where e is defined as in (13.1)1 . We have the following computation: 

,/ „ v .sifk + k-l2-l + Sh(r) + 6 i3 (T -r)+i 

i=0 v 

(1 _|_ ^wtu-l+Zi+S^ (r)+r/T 

■ReS z , ; , , ; ; , , , ; j= ^— Y(u, z)v) 

2 z l 1 +l3-l 2 +Si 1 (r)+5 ia (T-r)+t \ i / / 



i— n \ ^ / 



i=0 

(-] , -Awfru-l+h+tfii {r)+r/T 

'h + h ~ h + S + i\ n (1 + 2 )wt«-l+/i+«* 1 (r)+r/T 



3 2 

\ ?, / 



z 



h+h-h+e+i+1 



. F(e (i+,)L(i )(1 + ^-2i(o )( _ 1) i(o) U; _L-) e HD(_i)Ho) v 

y^^_iy+h+i 3 -h+e+wtu fh+h-h + e + A 
i=o \ 1 / 

■Res / j — — ^ Y(e^- lL Wu,z)e L{1 \-l) L ^v 

j=0 3' i=Q ^ 1 ' 

t^ -I- ?\vrtu+l3-h+i+£-8i, (r)-r/T-j 

3=0 i=0 

M _J_ 7 \wtu-l-j+h+Si (T-r)+(T-r)/T 

■Res z { -^ r(L(l)%,,)e^)(-l)^% 



-V 1 ^ — Res 2 (l + z) wt "-- ? '- 1+n - p r(L(l)%,2)e L(1) (-l) L(0) v 

3=0 J ' 

= (mod 0' g ^ m jV)). 



where we have used Proposition 5.1 of [DJlj and Lemma T3 .41 in the last two steps. In par- 
ticular, <t>{u*l m v) = <p(v) *™ 1>n <j){u) modulo 0' g . l m n (V) and 0(w*™ m v) = 
modulo 0^_! m n (V) for u, v G V. 

As in the proof of Proposition 3.2 in |DJlj . we can easily deduce that <f>{O g>n , )m (V)) C 
Og-i m n (V) by using (|4.1|) and (|4.2|1 . Thus <fi : A g ^ m (V) — >■ A 9 -i iTO) „(V) is a well defined 
bimodule isomorphism. □ 
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Proposition 4.3. Let m,n,l G such that m — l,n — I are nonnegative. Then 

Ag t n-i,m-i(y) is an A gtn (V)-A gjm (y)-bimodule and the identity map on V induces an 
epimorphism of Ag !n (V)-A gtm (V)-bimodules from A g ^ m (V) to A gjn -i jm -i(V). 

Proof: It is good enough to prove the result for / = 1/T. First, from the definition of 
0'g,n,rrSy) anc ^ Lemma EZ3 we can easily see that 0' gnm (V) C 0^ n _ 1 ^ Tm _ 1 ^ T (V). 
Next, we prove that 

U * P 9 3 ,Pi,P2 V = U *^-l T /T, P2 -l/T V ( m ° d ' 9 , P3 -1/T, p1 -1/t(V)), ( 4 -3) 
for Pl,p 2 ,P3 e ifZ>+- 

Let u G V r ,v G V s be homogeneous and Pi = Sj + ji/T,i = 1,2,3. We can assume 
that j 2 -J3 = r and j 1 - j 2 = s. 

We first assume that r ^ and jt ^ 0, i — 1, 2, 3. Then j 3 ^ T - r. It is easy to see 
that Sj^r) = 5j 1 _i(r) + Sj 1>r and 8j 3 (T — r) = 5j 3 _!(T — r) + f^T-r- So 



M *fffpi,p2 v 



j^(_iyf Sl + S 3 - s 2 - 1 + ^-1(0 + <W + *73-l ( T - + A 

i=o ^ z ' 



(1 _|_ ^wtw— l+si+(5j 1 _i(r)+5j ll7 .+r-/T 
' ReS2 zSl + S 3-S2+5 Jl -i(r)+5 Jl , r +5 J3 _ 1 (T-r)+ 4 r ( M ' 

If jx i 1 r, it is clear that u * p g % uP2 v = u *^1x/ t , P2 -i/t v - If h = r ' then 

«^-=E(-i^ Sl+S3 " S2+Vl(T_r)+r 



i=0 



2 

(■]_ _|_ ^wtu+ai+r/T 

•Res 2 ■ —, t= — r——Y(u, z)v 

z z s 1 +s 3 ~s 2 +8j 3 -i{T-r)+i+l v ' / 



e ( si + 53 - 52 + s r {T - r) + (-i>' ^rrr::^ * 



i=0 

S2 



~si+S3— S2+5j 3 -i(T— r)+i+l 

i=0 ' ' 



*2 



Sl + S3 _ S2 _ ! + , fc _ l(T — r) + A (1 + ^4,/r-. 



i=0 

(mod 0^ pi _ 1/Tp3 _ 1/T (V r )) 

P3-1/T 
M * fl ,p 1 -l/T,p2-l/T U - 



The proof of ()4.3|) for other cases is similar. Using ()4.3|) . Lemma T3. 81 and the definition 
of 9>nim (V), we conclude that 0'^ nm (V) C Op.n-i/r.m-i/TOO- This together 

with ()4.3|) finishes the proof. □ 



Similar to Proposition 3.4 in |D,Ilj . we have the following result on tensor products of 
bimodules. 
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Proposition 4.4. Define the linear map ip: A g ^ p (V) <8U SiP (v) A g>p>m (V) -> A g>n>m (V) by 

cp( u ®v) = u * n gmp v, 

for u® v G A g ^ p (V) <S>A g}P (v) A g, P ,m(V). Then if is an A g>n (V) - A g , rn (V)- bimodule 
homomorphism from A g ^ p (V) ®A g , p {v) A g ^ m {V) to A g ^ m (V). 

5 Twisted representation theory 

Let M = @ ne j_ z+ M(n) be an admissible g-twisted V-module such that M(0) 7^ 0. 
For homogeneous u G V r , and m — l\ + ii/T, n = l 2 + i 2 /T such that h,l 2 G Z+, 
< ii, ^2 < 7" — 1, define the linear map o g ^ m {u) : M{m) — > M(n) by 

Og t n,m(u)w = Mwte+m-n-lf, 

where u> G M(m) and -Uwtu+m-n-i is the component operator of 
Note that if r 7^ %\ — % 2 then o gyn , m (u)w = 0. 

Lemma 5.1. Let a G V r , b G V s , m = k + % , p = l 2 + % , n = l 3 + f G with l u l 2 , h 
three nonnegative integers and < ii,i 2 ,i3 < T — 1. TTien 

o 5 ,n,m(a *5, m , P % = o gin , p (a)o 9jPjm (b)w, 

where w G M{m). In particular, 

o g ,n,m(a *™ m b)w = Og, n>m (a)o g , mtm (b)w, o g ^ rn (a* n g m b)w = o g , n>n (a)o g>n , m (b)w. 

Proof: We first assume that i\ — i 2 7^ s. Then o gjPjm (b)w = 0. If i 2 — h = r , then 
H ~ h 7^ r + s and o g ^ m (a *g imiP b)w = 0. Otherwise, i 2 — i 3 7^ r and a *g imiP & = 0. If 
!2 - J3 ^ r, the proof is similar. 

Finally we deal with the case that i 2 — h = r, i\ — i 2 = s. Let e = — 1 + ^(r) + 
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S i3 (T — r), then on M(m) we have 

Og, n ,m( a *3,m,p 

= o s , n , m I ^(-1) ^ . J Res, zh+h _ h+£+l+l Y(a,z)b 

In , ^ wta-l+ii+5,, (r)+r/T , , , , - 

= ^ ( _ 1)l //i + / 3 -/2 + £ + A j- 1 /wta-l + / 1 + 5 n (r)+r/T\ 

i=o ^ 2 ' j=o \ 3 J 

'( a j-li-h+h-e-i-lb)wta+wtb-j+2l 1 -l 2 +i+e+(i 1 -i 3 )/T-l 

_^^_ 1 y/Zi + Z 3 -t2 + e + »j ^ /wta- 1 + Zi + d il (r) +r/T\ 

i=o ^ ? ' j=o \ 3 J 

= C 1 + /3 + ' + Res Z2 Res 20 , — 1 

i=0 ^ * ' 

■(Zl + Zo )w.a-l + l 1+ *,,M+r/T 2 Wtl, +ll -fc + i- S , 1 M- r /r + ( i ,- i ,)/T + » lw(y(oj ^ ^ 

= £(-i)f' + ^ ' ! + " + l )t i~ k " h + h ~ F - i - 1 Wr« b (-»)< 

i=o V * ' j=o V J / 

wto-l+h +<5 n (r)+r/T -i 3 +i 2 - e - j- 1- j 
wt6+Zi-« 2 +j-<5i 1 (r)-r/T+(ii-i 3 )/T+£ , , , , 

_ S£2^_iyfh + h-k + £ + i\^2 f~ l1 ~h + h- e- i- l 

HeB«Re Bft «}^ 1+,1+ * l(r)+r/r (-^)" ,1 " , ' +,a " e " < " 1 " i 



•z 2 wtWl ^ 2+i ^ n(r)_r/T+(n " i3)/T+ ^M(&, 22 )lM(a, 
y^(-l)*^ 1 + ^3 - ^2 + £ + A f~h - h + h- e-i-l \ 



i=0 v 7 j=0 v J 

•awto-2+J2-J3-i-J+5i 1 (r)+r/T-e&wt6+i+j+Ji-J2-Ji 1 (r)-r/T+(ii-i 3 )/T+e 

_ y^_-gi pi + Z 3 - Z 2 + £ + A y^ /-Zi - h + k- q-i-1 
i=o ^ * ' i=o V J 

f 1 \ — il— ^3+^2— g— i— 1— jL _ 

'l — -U 0wt6-«3-J-l-5i 1 (r)-r/T+(u-i 3 )/Tawto-l+Zi+5 il (r)+r/T+j 
= a wta-l+i 2 -i3+i2/T-j3/T^wtfe-l+« 1 -i2+ji/T-i 2 /T- 

The proof is complete. □ 
Lemma 5.2. Lei m = Zi + ii/T, n = Z 3 + 23/T such that Zi, Z 3 e Z +; < ii, ^3 < T — 1. 
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Then 



o g ,n,m(a) = 



on M{m), for all a G Og^ m {V). 

Proof: Let u G V r , v G V s . We first prove that o g ^ n ^ m {u o" m v) = 0. It is clear if 
ii-^r + s. So we assume that i\ — 13 = r + s. Then 

Og, n , m (u ° n g,m V ) 

( (1 + /2 ) wtu ~ 1+, M r )+ / i+ r / T 

= o g ^ m \Res z zh+h+5 ^ {r)+5 ^ (T _ r)+l Y(u,z)v 



Og,n,m 



^ fwtu -l + 5 h (r) + h + r/T\ 
Z^y j jUj-h-k-s^rySisp-ryiv 

/wtu- 1 + (r) + h + r/T 

• (Wj-Ji-Zs-^j (r)-5i 3 (T-r)-lf)wt«+wto-l-j+2« 1 +5 ll (r)+<5 l3 (T-r)+(n-i 3 )/T 
( Z2 _|_ /2o ^wtM-l+5 il (r)+«i+r/T^ to +'i+ <5 *3( T - r )- r / T +( il - i 3)/ T 

Res 22 Res X0 Zi+«3+s 8l M+<5 l3 (T-r)+i 
•Ym(^(«, 2:0), 2:2)^ 

oo /? , r / \ c / rri \ t\ wtu-l+Si (r)+h+r/T 

E 1 " 3 " n(r) " U ~ } " ) (-^es Zl Res Z2 , ' (T 

j=0 \ J / Z 1 

V f- Zl - /3 - ^ - *»< T - r) - 1 W 2 Res zr^ 1 ^^-^^" 1 "^ 7 " 



? / 22 21 2i+i 3 +5i 1 (r)+5i 3 (T-r-)+l+j 

j=0 \ J / z 2 



. ( _ 1)il+ i3+M^M^)+i^f"- 1+5 ' 1 Mrt + ^y M(v2)n;(vi) 
= f-h ~h- K (r) - 5 i3 (T - r) - 1\ 
j=0 V J / 

•^wtu-2+r/T-« 3 -5 i3 (T-r)-j"y wto+ / 1+ 5 i3 (T-r)-r /T+(h-i 3 )/T+j 

_ M r ) - M T - r ) - l \ ^_ 1 y 1+ 2 3+ 5 il ( r ) +5<3 (T-r)+l+j 

i=0 V J / 

•^wtti-r/T+(ii-t3)/T-i 3 -*i 1 (r)-l-iWwt«-l+«Si 1 (r)+ii+r/T4-i 

= 

By Lemma 15.11 and the definition of O g ^ n , m (V), we know that o gin>TO (a) = 0, for all a G 
O" (VI +0"' (V). □ 

g,n,m\ / 1 ^g,n,m\ v / 1 — 1 

Let M = © me j_2 + M(m) be an admissible g-twisted ^-module with M(0) 7^ 0. Then 
Homc(M(m), M(n)) is an A 9in (y)-A 9)m (^)-bimodule such that (a - f - b)(w) = af(bw) for 
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a G Ag tn (V),be Ag >m (V), f G Hom c (M(m),M(n)) and w G M(m). Set 

Og,n,m{V) = {o g ^ m {v)\v G V}. 

By Lemmas 15. II and 15.21 we immediately have 

Proposition 5.3. o ff)n)m (V) is an A g ^ n (V)-Ag yrn (V)-subbimodule of Home (M(m), M(n)) 
and v i— > o gjn>m (u) /or t> G V induces an A gn {y)-A gm {y)-bimodule epimorphism from 

■^-g,n,rn{y r ^j ^O Og in ^ m (V) . 

Proposition 5.4. For any n G |;Z + , A 9)n (V) and A fl)7lin (V") are £/ie same. 



Proof: The proof is similar to that of Proposition 4.6 of |D.Tlj . □ 

Next we reconstruct the Verma type admissible o-twisted l^-module M{U) generated 
by an A s>m (V)-module U by using the bimodules A g ^ m (y). Note that we do not assume 
that U cannot factor through A B)m -i/T(V) at this point. 

Set 

M(U) = A g , n , m (V) ® AgMV) U. 

Then M{U) is ^Z+-graded such that M{U){n) = A gjn>m (V) ®A g , m (v) U. For u G V ', 
p,fi6 iZ, define an operator u p from M(U)(n) to M(U)(n + wtw — p — 1) by 



Wp(V » w) 



(u *^X; r r 1+n v)®w, if wtu - 1 - p + n > 0, 
0, if wtw — 1— p + n<0, 



for t> G A SiTMn (V) and w EU . It is clear that if p ^ Z + r/T, then u v = 0. 
Lemma 5.5. The action u p is well defined. 

Proof: Let v G O fl ,„, ro (V) and 10 G [/. By Lemma EH u *^ p ~ 1+n u G V *^~ p ~ 1+n 

,wtit— p— l+n,m 

(V), so we have u p (v <8> w) =0. Now let a G A fl|TO (V), 

u G A ff)fl)m (V), w EU. Then 

«p((« *?,»» a) ® «;) = (« *^ P " 1+n (« *lm a)) ® w 

= ((« *r-:/" 1+n ») *Sr p ~ 1+n a ) ® ™ 

= (« *r-:/~ 1+n v)®a-w = u p {v ®a-w). 
Thus m p is well defined. □ 



For short we set M = M(U). Also let 

-p-i 

j, p ^ 

peZ+r/T 



Y M (u, z) = 22 u p z 



for u G V r . It is our desire to prove that (M(U), Ym) is an admissible o-twisted V^-module 
isomorphic to the M(U) given in Theorem 12.51 
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Lemma 5.6. For homogeneous u G V r , v ® w G A g ^ n ^ m {V) <S>A gm (v) U and p G Z + r/T, 
we have 

(1) u p (v ®w) = 0, for p sufficiently large; 

(2) Y M {l,z) = id M . 

Proof: From the definition, (1) is obvious. We now prove (2). By the definition of u p , 
we have 

l p (v®w) = (l*-^ +n v)®w 
= 2^(- 1 )( • ) Res * zh - P+t Y(l,z)v®w, 



i=0 



where p G Z, m = li + Zi/T, n = l 2 + i 2 /T such that Z 1( Z 2 G Z + and < ix,i 2 < T. Thus 
® w) = if p < — 1 and l-i(v ® 10) = t> (g> w. By the definition of l p , l p (t> <8> w) = 
if p > l 2 . If -1 < p < / 2 , then 



ip(«8-)=B- i ) , ( il "7 1+i )C + 'i- i )"® ro 

p+1 

£(-iy +p+,! 



i=0 

0. 



P+l 



v ® w 



As a result we have Y M (1, 2) = idjvf. □ 
The main axiom in the definition of admissible g-twisted ^-modules is the twisted 
Jacobi identity As we have already mentioned in Section 2, the twisted Jacobi identity 
is equivalent to the commutator formula ()2.3|) and the associativity (|2.2j) . We have the 
commutator formula: 

Lemma 5.7. For a G V r , b G V s , we have 

/ \ ~ r / T 

[Ym(o, zi), Fjvf(6, 22)] = Res^z^ 1 I — ) <5(— -)>Af(Y(a, z )&, z 2 ), 

\ z 2 J z 2 

or equivalently, for p G Z + r/T, q £ Z + s/T , 

00 / \ 

[flp,6 g ] = I • ) ( a i b )p+Q-i- 

i=0 

Proof: We need to prove that 

(a p b q - b q a p )(v g) w) = y~] ( P J (a^p+^fv ® w) 

8=0 
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for p G Z + r/T, q G Z + s/T and u ® w G A gtritm (V) ®A 9 , m (v) ^- This is clear from 
the definition of the actions if wta + wtfo — p — g — 2 + n < 0. We now assume that 
wta + wtfe — p — q — 2 + n > 0. 

If wta — p — 1 + n > 0, wtb — q — 1 + n > then by Lemma 1.141 we have 

a p b q (v (g) w) — b q a p (v ® to) 
= ap(6 *;,tn 9 - 1+n «) ® w - *™r n P " 1+n «) ® w 



• wta+wtb-p-g-2+n ,\ wta+wtb-p-q-2+n \ ~ 
, a *o,n,wtb-o-l+n °J *a,m,n V 09 W 



(h ^wta+wtft-p-g-2+n \ wta+wfc-p-g-2+n \ ~ 

((Res 2 (i + z) p y M 0, «)&) *;™ 6 ~ p ~ 9 ~ 2+n «) ® u> 



(ai6) p+g _i(t; ® tu)- 



V ) 09 W 



i=0 

OO / 

i=0 v 



If wta — l + n<0, wt6 — g — l + n>0 then b q a p (v <S> w) = and 

wta+wtfc— p— ij-2+71 t \ wtp+wtb-p-q-2+n 



v 09 w 



a p b q (v ®w)- b q a p (v 09w) = (Ja ^5-7^ h ) *X 
= ((Res 2 (l + z) p Y M (a, z)b) ^l^" 9 " 2 ^ «) ® u> 

= E ( ^ ) ( a * 6 )p+9-i( u ® w ) 
i=0 

where we have used Lemma f5.8l below. If wta — p — 1 + n > 0, wtb — q — 1 + n < the 
proof is similar. □ 

Lemma 5.8. Let u G V r , v G V s and m = l\ + ii/T, n = I3 + 13/T, p = h + 'h/T such that 
lx, I3 G Z + , I2 G Z, < ii, «2, «3 < and z 2 — ^ = r, i\ — i 2 = s. If p > 0, m + n — p < 0, 
taen 

and if p < 0, m + n — p > 0, then 

Proof: We first assume that p > 0, m + n — p < 0. By (|H.1J) . — /i — /3 + ^2 — £ — 1 G Z + . 
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using the definition gives 

h 



U *g,rn,p V 



i=0 v 



i 



(1 + /2 ) wtu - 1 + z i+<M r )+ r / T 
•Res 2 m — 7- ■ — — Y(u, z)v. 

z h+h-h+e+i+l 



l\ + \wtu-l + il+«j 1 (r) + r/T 

Since Res z Y(u, z)v y z ' zll+l3 _ h+E+i+l G 0' g nm {V) if % > l 2 by Lemma Owe see that 

U *g,m,p V ~ i J KeSzr \ U > Z > V z h+h-l 2 +e+i+l 

= Res 2 (l + z) wtu - 1+p -"y(u, z)v, 

where in the last step we have used the fact that 5i 3 (T — r) = (r + z 3 — i 2 )/T. So in this 
case we are done. 

Ifp<0, m + n — p > then the result in the first case gives 

v * n 9 , m , m+n - P u = Res 2 (l + zr^ 1+m ^Y(v, z)u 
modulo 0' g nm (V). Using the identity 

Y(v, z)u = (1 + 2 )-« t ^*-™+«y( tt , —^)v 

X ~\~ z 

modulo 0' gnm (y) we see that 

Res 2 (l + z) wtv ~ 1+m - p Y(v, z)u = Res 2 (l + z)- wtu - 1+n - p Y (u, y^)^ 
= -Res z (l + z) wtu - 1+p - n Y(u, z)v. 

The proof is complete. □ 

Lemma 5.9. Let n = l 3 + i^/T G Z 3 G Z + and < 13 < T. Then for a G V r 

and i G Z+, we /iai>e 



Res zo 4(z + z 2 ) wta - 1+ ' 3+ ^M+^y M ( G , z + z 2 )Y M (b, z 2 ) 
Res 20 ^(z 2 + ^ ) wta ' 1+/3+5l3(r)+r/T ^M(r(a, zo)b, z 2 ) 



on M(U)(n) 



Proof: Note that a wta -i+i 3 +Si (r)+r/T+j = on M{U){n) for any nonnegative integer j. 
Then 

Res Zl ( Zl -z 2 ) i zT a - 1 * a ^ r) * T/T Y M {b,z 2 )Y M (a,z 1 ) = 
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on M(U){n) and 

Res^Ozo + z 2 y ta - l+h+s ^ +r / T Y M (a, z + z 2 )Y M (b, z 2 ) 

= Res zi (z! - z 2 ) l z™ ta 1+l3+5l:i(r]+1r/T (Y M (a, zi)Y M (b, z 2 ) - Y M (b, z 2 )Y M (a, zi)) 

= Re Szi ( Zl - z 2 yzT a - 1+h+S - ir)+r/T [Y M (a, Zl ),Y M {b, z 2 )\ 

= Res, Res, 1 (, 1 -z 2 )^r a - 1+/3+5l3(r)+r/T 

Z -^) ^ T z^5( Z -^^)Y M (Y(a, z )b, z 2 ) 
z 2 J z 2 

Res Z0 Res Zl zi(z 2 + z )wta-l+Z 3+ a i3 (r)+r/T 

Z -^) z^5( Z -^)Y M (Y(a, z )b, z 2 ) 

Z 2 J Zi 

= Res ZQ zi{z 2 + z ) M+ls+5 ^+ r / T Y M (Y(a, z )b, z 2 ), 
where we have used Lemma f5. 71 □ 

Lemma 5.10. Let n = Z 3 + i 3 /T G |;Z + with l 3 G Z + and < i 3 < T. Then for a G V r 
and I G Z + \ {0}, we have 

ResW(*2 + z o y ta+c >z^ b - q Y M (Y(a, z )b, z 2 ) 

= ResW{z Q + z 2 y ta+ «zT b - q Y M (a, z + z 2 )Y M (b, z 2 ) 

on M(U)(n), where q = — 1 + I3 + 5i 3 (r) + r/T. 

Proof: Assume that b G V s . Take v ® 10 G A fl , n , m (V) ®A 9 . m (v) *7 = M(U)(n). Then 
Res, ^(> 2 + ^ ) wta+ ^ 2 vt6 - 9 y M (^(a, 20)6, * 2 )(u ® w) 

iez+ \ 3 J 

= E( a + g ) E ^ + ^" +1 ( a j^ & )wta+wt6- J+ i-2-fe+n(w® ^) 

ie^+ ^ ' fcez++i 3 -r-s/T 

= E ^ /+ " n+1 E ") *~ ^) ® " 

fceZ++i 3 -r-s/T 

= £ ^' +fe -" +1 + f ta+9 Y(a, z)b) < m> „ v\®w 

keZ + +i 3 -r-s/T 
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On the other hand, we have 

Res Z0 Zu l (z + z 2 ) M «z? b - q Y M (a, z + z 2 )Y M (b, z 2 )(v <g> w) 

= E ( /)(- 1 ) ia wta+g-/-^r 6 ^ +iy M(&,^2)(^®w) 

= E ( • )(- 1 ) la wta+g-i-i X] ^ 9+l+ ^wt6-l-j(^<H) w) 

-/ 



l£Z+ j>-n,j£Z-s/T 

l+i+j>l+q—n 



^-J+fe-n+l^_-|_^fc+l-(/-;/-y-/ 



fcGZ + +i 3 -r-s/T j&s/T 

—n<j<k+l+q—n—l 



k + l + q — n — j — I 



fcGZ++j 3 -r-s/T j'GZ+(i 3 -s)/T 

o<i<fc+i+g-i 
((a *J,„j&) *J, m ,„«)®«'- 

So it is enough to prove that 



fc + l + g-j'-Z 



E ' ( fc + x + l q _ ._})a < n , 6 = Res, (1 + y ta+ V (a, *)&, 



jez+(i 3 - s )/T 
0<j'<fc+l+g-J 



for fc > 0. Let j = p + (i 3 - s)/T - S i3 (s) + 1, k = h + (i 3 - r - s)/T. Note that 
q = -l + l 3 + 5 i3 (r)+r/T, so 



jGZ+(i 3 -s)/T 

o<i<fc+i+y-i 

ii+«3+<5i 3 (r-)+^ 3 (s)-l-i 



Ef_iyi+W s (r)+Ji3(s)-l-l-p/ ^ ^ 

1 ; Kh + h + SM + sM-i-i-pJ 

T(-ir( h + l3 + ^ (r) + 6l3 (S) ~ 2 " P + *) Res ( 1 + ^ a+g Y (a z)b 

h+l 3 +Si 3 (r)+Si 3 (s)-l-l h+l3+Si 3 (r)+S i3 (s)-l-l-p . 

Res.^L— Y(a,z)b. 
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By Proposition 5.3 in |DJlj . we have 



h+h+Si 3 (r)+6i 3 (s)-l-l h+h+6i 3 (r)+6 i3 (s)-l-l-p 

E i- 1 )'!:') ' E (-!)' 

P=0 \ f / i= Q 

This finishes the proof. □ 

Corollary 5.11. Let n = I3 + 23/T G Z3 G Z + and < 23 < T. T/ien /or 

a G V r , we /iai>e 

(«a + z y ta+q Y M (Y(a, z )b, z 2 ) = (z + z 2 ) wta+,1 Y M (a, z + z 2 )Y M (b, z 2 ) 
on M(U)(n), where q = — 1 + Z 3 + S i3 (r) + r/T. 

Theorem 5.12. Let U be an A g , m (V) -module. Then M(U) = ne ^ z+ ^ g ,n,m{V)®A g . m (v) 
U is an admissible g-twisted V -module with M(U)(n) = A g , ntm {V) ®A g , m {v) U and with 
the following universal property: for any weak g-twisted V -module W and any A g ^ m (V)- 
morphism o : U — > Q m (W), there is a unique homomorphism a : M(U) —> W of weak 
g-twisted V -modules which extends a. Moreover, if U cannot factor through Ag tTn -i/j>(V) 
then M(U)(0) ^ 0. 

It is clear from Theorem l5.12l that M(U) is isomorphic to the M(U) given in Theorem 
12.51 We call M(U) the Verma type admissible g-twisted ^-module generated by an 
A gjm (V)-modvL\e U. 



l+p+i-1 



yl+P+i Z l ' 



6 ^-rationality 

We use the bimodule theory developed in the previous sections to prove another main 
theorem in this paper. That is, V is ^-rational if and only if A g (V) is semisimple and any 
irreducible admissible g-twisted ^-module is ordinary. In the case g = 1, this result has 
been obtained previously in |DJ2j and |DJ3j . 

We need several lemmas. Let A be an associative algebra and U a left A-module. It 
is well known that the linear dual U* = Homc(C/,C) is naturally a right A-module such 
that (fa)(u) = f(au) for a G A, f G U* and u G U. 

Lemma 6.1. Let V be a vertex operator algebra. Assume that A g (V) is semisimple and 
U l for % = 1, • • - ,s are all the inequivalent irreducible A g (V) -modules. Let M{U l ) = 
®ne-i+ M(U l )(n) be the Verma type admissible g-twisted V -module generated by A g (V)- 
module U l . Then as an A gjn (V)-A g (V) -bimodule, 

s 

A^,o(^) = 0M(fr)H®(f/T. 

8=1 

Proof: The proof is similar to that of Lemma 3.1 in |D.I3j . □ 



27 



Lemma 6.2. Let V be a simple vertex operator algebra such that A g (V) is finite dimen- 
sional. Then there exists N G ^Z + such that for any irreducible A g (V)-module U and 
the irreducible admissible g-twisted V -module L{U) = ^2 me ±% + L(U)(m) generated by U, 

L(U)(n) ^ ; for all n G ±Z+,n > N. 

Proof: Since A g (V) is finite dimensional, there are only finitely many irreducible ad- 
missible g-twisted ^-modules. So it suffices to prove that for the irreducible admissible 
g-twisted V^-module W = © me j_ z+ W(m) there exists N G such that W{n) ^ for 
all n G ifZ + ,n > N. 

For i = 0, • • • , T - 1 we set W i = meZ+ W{m + ±). Note from [DM] and jDLMOj 
that the g-invariants again is a simple vertex operator algebra. From the definition 
of admissible g-twisted V^-modules we see that each W l is an irreducible admissible V^- 
module (see |D Yj ) . It is clear that for each i there exists n, > such that W l (s) ^ if 
s > Hi and s G h. + Z + . Take N to be the maximum of rij for z = 0, • • • , T — 1 and the 
lemma follows. □ 

For m,n,p G ^Z + , let 

^,n,p(^) *lm, P Ag, P ,m( V ) = {« *£m,P % ^ ^(V), 6 G A g ^ m {V)}. 

Then A gin>p (V) *™ mp A SjP>m (y) is an A g;n (V) - A 9im (V)-subbimodule of A g ^ m (V) by 
Proposition 14.41 



Lemma 6.3. Let V be a simple vertex operator algebra such that A g (V) is semisimple. 

A g ,0,m(V) *° g ,0,mA 9 ,m,0(V)=MV) 



Then there exists N G 4Z+ such that 



for all m G |;Z + , m > N 



Proof: Let iV be the same as in Lemma 16.21 For any n G |;Z + , it is easy to see that 
Agfl^niy) *% n ^s,n,o(^) is a two-sided ideal of A 5 (V). Let U be an irreducible module of 
A g {y) and suppose that for some m G ^Z+, m > N, 

A 9 ,o,m(V) *° A m 4, jro ,„(V) ® E7 = 0. (6.1) 

Let M{U) be the Verma type admissible g-twisted ^-module generated by U and M'{U) 
the maximal proper admissible g-twisted submodule of M(U). Similar to the proof of 
Proposition 4.5.6 of |LLj (see also {DM)), we have 

M"{U) = span{u p w\u G V,p G Q,w G M(U)(m)} 

is an admissible g-twisted \^-submodule of M(U) generated by M(U)(m). By (|6.1|) we 
know that M"(U)(0) = 0. So M"(U) is a proper admissible g-twisted K-submodule of 
M{U) and M"\u) C M'{U). 
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Let W{U) = M(U)/M'{U), then W{U) is the irreducible admissible g-twisted V- 
module generated by U and W(U)(m) = 0. This is in contradiction with Lemma 16.21 
Thus for all m G |;Z + , m > N, 

A 9 ,o, m (V) *lo, m A M {V)®U^U. 

Now the lemma follows from Lemma f6. 11 □ 
Recall from Proposition H3| that (p : A g ^ n ^(V) ®A g , p {v) A gtPtm {V) — > A g ^ m (V) is an 
-4g,n(V") — A 9im (V)-bimodule homomorphism defined by 

<p(u ®v) = u *™ mp V, 

for u G Ag t n )P (V), v G Ag )P)m (y) and m,p,n G The following lemma is an immediate 

consequence of Lemma 16.31 

Lemma 6.4. Let V be a simple vertex operator algebra such that A g (V) is semisimple. 
Then there exists N G such that the A g (V) — A g {V)-bimodule homomorphism <p from 
A g fl t n(V) (&A gn (v) A g>Tl) o(V) to A g (V) is an isomorphism for each n G ^Z + , n> N . 

Theorem 6.5. Let V be a simple vertex operator algebra such that A g (V) is semisimple. 
Let U be an irreducible module of A g (V), then the Verma type admissible g-twisted V- 
module M{U) = © ne j_ z+ A gt n i0 (V) <S>a 9 (v) U generated by U is irreducible. 

Proof: The same proof of Theorem 3.4 of |D.T3j is valid here. □ 

We have already mentioned that the Verma type admissible g-twisted ^-module M(U) 
generated by an irreducible A g (V)-modu\e U in general is not irreducible. The assumption 
that A g (V) is semisimple is crucial. This result is a foundation of Theorem 16.71 below. 

As in |DJ3j we now introduce an invariant bilinear pairing (•, •) on M(U*) x M(U), 
for an A gjm (V)-module U, which is an analogue of the contravariant forms for Verma 
modules over Kac-Moody Lie algebras or the Virasoro algebra. This bilinear pairing will 
also be helpful to the proof of Theorem 16.71 

Let m G yZ + . Recall from Theorem 12.51 (8) and Proposition 14.21 that the linear map 
4>: V — > V defined by <p(v) = e L<yl \—l) L ^v for v G V induces an anti-isomorphism from 
A g -i ;m (V) to Ag )Tn (V) and a linear isomorphism from A g -i^ m (V) to A gim>n (V) such that 
<K a *g-\ m , P b ) = <K 6 ) *?,n, P Mi f o r a e A g -i :ntP {V), b g A g -[ Ptm {V), p g ±Z+. 

Let U be an A gtm (V)-modu\e and U* the dual space of U. Then U* is an A g -i jm {V)- 
module such that 

(u- f)(x) = f{4>{u) ■ x) = ■ x) 

for u G A g -i tTn (V), f eU* and x G U. 

Now let M{U) = © n6 i z+ A g>n>m (V) ® AgMV) U and M(U*) = @ n ^ %+ A g -,^ m {V) 

®A g _i m {v)U* be the Verma type admissible g-twisted and g _1 -twisted F-modules gener- 
ated by U and U* respectively. We define a bilinear pairing (-, •) on M(U*) x M(U) as 
follows: 

(* ® /, V ® «) = (/, Mx) *™ m , n y)\ ■ u) 
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for x G A g -i >n>m {V), y G A gtn>m (V),f eU*,ueU,n G ^Z + ; and 

{A g -i tP>m {V) ® Ag . hm( v) U*,A m {V) ®A a , m{ v) U ) = 

iorp^n. That is (M(U*)(p), M(U)(n)) = if p ^ n. 
As in |D.T3| we have 

Proposition 6.6. Let U be an A g m (V) -module for m G Then 

(1) The bilinear pairing (•, •) on M(U*) x M(U) is well defined and is invariant in the 
sense that 

(Y Mm (u,z)w',w) = K,F M([/) (e^ 1 )(-^ 2 ) i (°) M ^- 1 )uO 

forw' G M(U*),w G M{U), and u G V. 

(2) The space 

J{U) = {w G M(U)\(w',w) = 0,w' G M([/*)} 
is t/ie maximal proper admissible g-twisted V -submodule of M(U) such that 

J(U)nM(U)(m) = 0. 

In particular, if U is irreducible then J{U) is the unique maximal proper admissible g- 
twisted submodule of M{U). 

(3) Let V be a simple vertex operator algebra such that A g (V) is semisimple. Let 
U be an irreducible A g (V)-module, then the bilinear pairing (-,-) on M(U*) x M(U) is 
non-degenerate. 

The analogue of Theorem 5.3 of |D,T3j is the following - the second main theorem in 
this paper with the similar proof. 

Theorem 6.7. Let V be a simple vertex operator algebra and g an automorphism ofV of 
finite order. Then V is g-rational if and only if A g (V) is semisimple and each irreducible 
admissible g-twisted V -module is ordinary. 

We remark that the condition that each irreducible admissible g-twisted ^-module is 
ordinary holds for all known simple vertex operator algebras and finite order automor- 
phisms. Although we firmly believe that this is true in general, we can not prove this in 
this paper. 
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